Abstract. We solve a non-rigidity problem for deformations of complex hyperbolic surfaces which furnish the simplest examples of: (i) negatively curved Kahler manifolds and (ii) negatively curved Riemannian manifolds not having constant curvature. Although such complex surfaces may share the rigidity of quaternionic/octionic hyperbolic manifolds, our main goal is to show that they may nevertheless have the flexibility of low-dimensional real hyperbolic manifolds. Namely we define a class of "bending" deformations of a given (Stein) complex surface M associated with its closed geodesics provided that M is homotopy equivalent to a Riemann surface whose embedding in M has a non-trivial totally real geodesic part. Such bending deformations bend a 4-manifold M along its closed (1-dimensional) geodesics and are induced by equivariant quasiconformal homeomorphisms of the complex hyperbolic space and its Cauchy-Riemannian structure at infinity.
Introduction
A complex hyperbolic manifold M is locally modeled on the complex hyperbolic space £ which can be represented by the unit complex ball B" c C n with the Kahler structure given by the Bergman metric (with pinched negative curvature K, -i^K^-\/4, compare [M2] , [GP] , [G4] , [AX1] ). In particular, due to Yau's uniformization theorem [Ya] , every smooth complex projective surface M with positive canonical bündle satisfying the topological condition (M) = 3 · Signatare (A/) is a complex hyperbolic manifold. Since such a manifold can be represented äs the quotient M = HJ/G where G is a discrete torsion free group G c PU(n, 1) isomorphic to the fundamental group of M, one can reduce the study of the Teichmüller space ^"(M) of isotopy classes of complex hyperbolic structures on M to studying the variety 3~(G} of conjugacy classes of discrete faithful representations : G -> PU(n,\) (involving the space 9(M) of the developing maps, see [G2] , [FG] ). Here ^(G) = ^0(G)/Pf7(«,!), and the variety # 0 (G) cHom(G,/>£/(«,!)) consists of discrete faithful representations of the group G whose co-volume, Vol(H^/G), may be infinite.
Due to the Mostow rigidity theorem [Ml] , hyperbolic structures of finite volume and (real) dimension at least three are uniquely determined by their topology, and one has no continuous deformations of them. Despite that, real hyperbolic manifolds M can be deformed s conformal manifolds, or equivalently s higher-dimensional hyperbolic manifolds M x (0,1) of infinite volume. First such deformations were given by the author [A2] and, after Thurston's "Mickey Mouse" example [Th] , were called bendings of M along its totally geodesic hypersurfaces, see also [AI] , [A3] - [A5] , [JM] , [Ko] . Furthermore such a flexibility of the real hyperbolic geometry is emphasized by the fact that all those deformations can be induced by continuous families of G-equivariant quasiconformal homeomorphisms in the closure of the real hyperbolic space H^+ 1 . In particular, these G-equivariant quasiconformal homeomorphisms deform continuously the limit set Λ (G) c dH" u +1 from a round sphere dH n u = S" ~i c S" = H n m +1 into nondiiferentiably embedded topological (n -l)-spheres in S n .
Contrasting to the above flexibility, "non-real" hyperbolic manifolds seem much more rigid. In particular, due to Pansu [P] , quasiconformal maps in the sphere at infinity of quaternionic/octionic hyperbolic spaces are necessarily automorphisms, and thus there cannot be interesting quasiconformal deformations of corresponding structures. Secondly, due to Corlette's rigidity theorem [Co] , such manifolds are even super-rigid -analogously to Margulis super-rigidity in higher rank [Ma] . Furthermore, complex hyperbolic manifolds share the above rigidity of quaternionic/octionic hyperbolic manifolds. Namely, due to the Goldman's local rigidity theorem in dimension n = 2 [Gl] , every nearby discrete representation ρ : G -> P [7(2,1) of a cocompact lattice G c P[7(1,1) stabilizes a complex geodesic in the complex hyperbolic space Η£ (which is also true for small deformations of cocompact lattices G c= P U (n -1,1) in higher dimensions n ^ 3 [GM] ), and thus the limit set Λ (ρ G) G <9Η£ is always a round sphere S 2 "" 3 . In higher dimensions n ^ 3, this local rigidity of complex hyperbolic «-manifolds M homotopy equivalent to their closed complex totally geodesic hypersurfaces is even global due to a recent Yue's theorem [Yu] .
Our goal here is to show that, in contrast to rigidity of complex hyperbolic «-manifolds M from the above class, complex hyperbolic (Stein) manifolds M homotopy equivalent to their closed totally real geodesic surfaces are not rigid. Namely, in complex dimension two, we provide a canonical construction of continuous non-trivial quasi-Fuchsian deformations of complex surfaces fibered over closed Riemannian surfaces of genus g > l depending on 3 (g -1) continuous parameters (in addition to "Fuchsian" deformations where, in particular, the Teichm ller space of the base surface has dimension 6 (g -l)). This is the first such non-trivial deformation of fibrations with compact base (for noncompact base, see a different Goldman-Parker' deformation [GP] of ideal triangle groups G c: PO (2,1)). The obtained flexibility of such holomorphic fibrations and the number of its parameters (at least 9 (g -1)) provide the first advance toward a conjecture on dimension 16(g-1) of the Teichm ller space of such complex surfaces. It is related to a Statement by Bill Goldman (the last sentence in page 43 of [G 3] , see also A.Weil's theorem [W] ), that the variety of conjugacy classes of all (not necessarily discrete) representations G -* P U(2,1) near the embedding G c PO (2,1) is a real-analytic manifold of dimension 16(g -1). We remark that discreteness of representations of G = π ι Μ is an essential condition for deformation of a complex manifold M which does not follow from the mentioned Weil-Goldman result.
Our construction is inspired by the well know bending deformations of real hyperbolic (conformal) manifolds along totally geodesic hypersurfaces and by a M. Carneiro-N. Gusevskii' [CaG] construction of a discrete representation in PU (2,1) of a surface group, which has been kindly showed us by N.Gusevskii [Gu] . In the case of complex hyperbolic (and Cauchy-Riemannian) structures, it works however in a different way than in the real one. Namely our complex bending deformations involve simultaneous bending of the base of the fibration of the complex surface M s well s bendings of each of its totally geodesic fibers (see Remark 4.11). Such bending deformations of complex surfaces are associated to their real simple closed geodesics (of real codimension 3), but have nothing common with cone deformations of real hyperbolic 3-manifolds along closed geodesics (see [A 4 
We also remark that the condition that the group G c P U (n, 1) preserves a complex totally geodesic hyperspace in Η£ is essential for local rigidity of deformations only for co-compact lattices G^PU(n -1,1). As our subsequent work [A 9] shows, see also [GaG] , there are non-trivial quasi-Fuchsian deformations of such a co-finite lattice Gc= p (7(1,1) in P (7(2, 1) induced by a continuous family of (/-equivariant homeomorphisms in Η|, which cannot however be quasiconformal due to some obstruction.
Furthermore, there are well known complications (cf. [KR1] , [KR2] , [P] ) in constructing equivariant homeomorphisms in the complex hyperbolic space and in CauchyRiemannian geometry, which are due to necessary conditions for such maps to preserve the Kahler and contact structures (correspondingly in the complex hyperbolic space and at its infinity, the one-point compactification of the Heisenberg group Ji^). Despite that, s it follows from our construction, the complex bending deformations are induced by equivariant homeomorphisms which are in addition quasiconformal with respect to the corresponding metrics. One of our main results may be formulated s follows. We notice that such complex bending deformations depend on many independent Parameters, s it is shown by application of our construction and Ehe Cartan [Ca] angular invariant in Cauchy-Riemannian geometry: The above embedding and the fact that the Teichm ller space of the base surface S p (totally geodesically) embedded in the complex surface M is a complex manifold of dimension 3 (g -1) show that we have in fact a real analytic embedding B 9p~9 c> ^(M) of a real 9 (p -l)-ball into the Teichm ller space of the complex hyperbolic surface M.
In our subsequent work [AG] We note that, due to our construction of such continuous quasiconformal deformations in [AG] , they are independent if the corresponding geodesics a t c S p are disjoint. It implies the existence of a boundary group in d^(G) with "maximal" number of nonconjugate accidental parabolic subgroups: Finally, we mention another aspect of the intrigue problem on geometrical finiteness of complex hyperbolic surfaces (see [AX1] - [AX3] ) for which it may be possible to apply our complex bending deformations:
Problem. Construct a geometrically infinite (finitely gener ated} discrete group G c: P Ό '(2, 1) whose limit sei is the whole sphere at infinity, Λ (G) = H£ = 3f, and which is the limit of convex cocompact groups G i c P U (2, 1) from the Teichm ller space &~(Γ) of a convex cocompact group Γ c P 'U '(2, 1). Is that possible for a Schottky group Γ l Acknowledgements. The author would like to thank Nikolay Gusevskii for helpful conversations. A part of paper was written during the author's stay at MSRI. Research at MSRI was supported in part by NSF grant DMS-9022140.
Complex hyperbolic surfaces homotopy quivalent to a Riemann surface
Let M be a complex hyperbolic surface (a complete Kahler 2-manifold of constant holomorphic sectional curvature -1) homotopy equivalent to a Riemann surface S g of genus g > l, that isM=Hc/Gisa quotient of the complex hyperbolic 2-space H£ by a discrete torsion free isometry group Gc=Pi7(2, 1) isomorphic to the fundamental group n i (S g ). The boundary at infinity of M is a 3-dimensional manifold with the induced spherical Cauchy-Riemannian structure modeled on the one-point compactification {00} « S 3 of the Heisenberg group JT = C χ R.
We are interested in Teichm ller spaces of such complex surfaces and CauchyRiemannian 3-manifolds or equivalently, in varieties of conjugacy classes of discrete faithful representations ρ : G -» P (7(2,1), especially in curves in these spaces corresponding to continuous families of quasiconformal deformations of such structures or discrete groups.
As the simplest examples of such complex surfaces, one can take the quotients M t = »l/Gi corresponding to two embeddings of π! (S g ) s lattices acting on totally geodesic planes in Hj, either on complex geodesics (represented by Η£ c Η£) or on totally real geodesic 2-planes (represented by H^ cz Η£). In these cases the discrete surface group is either G 1 c PC/(1,1) c P [7 (2,1) or G 2 c PO(2,1) cz P [7(2,1), correspondingly. The limit sets /l (G^ and v4(G 2 ) are homeomorphic to the circle S 1 . Moreover, the actions of the groups G! and G 2 on such circles are (equivariantly) homeomorphically conjugate due to the following Apanasov [A 6] isomorphism theorem:
Theorem 2.1. Lei (p'.G^Hbea type preserving isomorphism oftwo non-elementary geometrically finite discrete subgroups G, H a P U (n, 1). Then there exists a unique equivariant homeomorphism/ φ : A(G) -> Λ(Η) of their limit sets that induces the isomorphism φ.
However, in the case of the above surface groups G l and G 2 , the equivariant homeomorphism/^ : A(G l ) -> Λ (G 2 ) cannot be homeomorphically extended to the whole sphere οΗέ « S 3 . The obstruction to that is due to the fact that the quotient complex surfaces HC/G! and H£/G 2 are not homeomorphic. Namely, these complex surfaces are disc bundles over S g and have different Toledo invariants: i(H^/G) = 2g-2 and τ(Η^///) = 0, see [To] .
The complex structures of the complex surfaces M± and M 2 are quite different, too. While the manifolds M l (corresponding to G^ cz Pt7(l, 1)) have natural embeddings of the Riemann surface S 9 s holomorphic totally geodesic submanifolds and hence cannot be Stein manifolds if S p cz M v is compact, the manifolds M 2 (corresponding to G 2 cz PO (2,1)) are Stein manifolds, see Burns-Shnider [BS] . Moreover due to Goldman [Gl] , if the surface S p a M l is closed (i.e. the lattices G! cz Pi/(l,l) are co-compact), the manifolds Mj are locally rigid in the sense that every nearby representation G l -+ P U(2,1) stabilizes a complex geodesic in Hj and is conjugate to a representation G { -> PC/(1,1) cz P t/(2,1). In other words, there are no non-trivial "quasi-Fuehsian" deformations of Gj and M l .
Our goal here is to show that, in contrast to such rigidity of manifolds M l obtained from uniform lattices in Pt/(l,l), the Stein manifolds M 2 obtained from discrete subgroups in PO (2,1) are non-rigid. Furthermore, for a given simple geodesic α cz M 2 (in the totally real geodesic surface S g cz M 2 ), there is a continuous non-trivial path in the Teichm ller space ^~(M 2 ) (or &~(G 2 )) represented by a continuous family of G 2 -equivariant quasiconformal homeomorphisms / aif :jP->JK We call such a deformation # a , Ά Λ (ϊ) =/ β *ρ a bending deformation of Cauchy-Riemannian 3-manifold 5 00 M 2 , the group G 2 and the complex hyperbolic surface M 2 along a given closed geodesic α cz M 2 .
Colar lern m a and Dirichlet polyhedra
For a given discrete group Γα PO(2,1) cz P[7(2,1), let S = H^/Γ be a real hyperbolic 2-orbifold embedded in M = Η£/ Γ s a totally real geodesic suborbifold. While M has constant holomorphicsectional curvature -l,itssectionalcurvaturevariesin [-1, -1/4], and in particular the real 2-orbifold S has constant sectional curvature K= -1/4. For a simple closed geodesic α cz Sc M, let y a € π? 1 *(S) £ Γ represent it. Then the fundamental group πϊ Γΐ> (5) £ Γ can be decomposed into either a free amalgamated product or HNN-extension of its subgroups. Namely, for Γ 0 = <y a >, we correspondingly have for separating and non-separating geodesics a:
Here we would like to focus on an analogue of the well-known collar lemma which (for Riemann surfaces) is originally due to L. Keen [Ke] and its sharp form due to P. Buser [Bu] . It Claims that a simple closed geodesic α of length t on a Riemann surface S of constant curvature -l has a collar neighborhood U d (&) c S of radius δ = ln(coth//4), that is no disjoint closed geodesic β a S, απ β = 0, intersects the neighborhood U (a).
To reformulate the collar lemma for isometric action of a discrete group rc:P0(2,l)c:P{y(2,l) on the real hyperbolic plane H^ c Η£, we denote A c H^ the axis of a hyperbolic element y a € Γ (the translation along A of the length /). Namely, multiplying lengths by ]/-K, we have due to Beardon [Be] , 11.6.10, that, for any such discrete isometric Γ-action on the real hyperbolic plane of constant negative curvature K < 0, sinh smh The first condition in particular holds for « 0.791411 (see also [GKL] ).
Proof. The claim about the sides of the Dirichlet polyhedron D Z (F) directly follows from the Lemma 3.2. In particular, it is easy to verify that the values of the length ( and the radius δ in Remark 3.5 satisfy the inequality « 4δ.
To show that U 0 (A) is precisely r 0 -invariant in Hj it is enough to prove this fact for the restriction of the Γ-action to the plane H^ (see also [GKL] ). Here, due to (3.1) and the hypothesis (3.4), we have:
• u~ ^-ui Λ^ -^fd(A 9 g(A))\ smh -< -csch τ l ^ smh ( --: ). 
Bendings of complex surfaces along simple closed geodesics
Now we Start with a totally real geodesic surface S = H^/G in the complex surface M=Hc/G, where Gc: PO(2,1) c PC/(2,1) is a given discrete group, and fix a simple geodesic α on 5. According to the previous sections 2 and 3, we may assume that the loop α is covered by a geodesic A c H^ c Hj whose ends at infinity are oo and the origin of the Heisenberg group Jf = C x R, Jf = δΗ^. Furthermore, deforming the surface S and its holonomy group Gc PO(2,1) (bending along the geodesic a), we can assume that the hyperbolic length of α is sufficiently small and the radius of its tubular neighborhood is big enough -s in Corollary 3.3 and Remark 3.5.
Then the group G and its subgroups G 0 , G±, G 2 in the free amalgamated (or HNNextension) decomposition of G have Dirichlet polyhedra D z (Gi) c= H£, / = 0, l, 2, centered at a point zeA = (0,oo), whose intersections with the hyperbolic 2-plane H^ have the shapes indicated in Figures 1-4 . In particular we have that, except two bisectors 6 and 6' that are equivalent under the hyperbolic translation g a (which generates the stabilizer G 0 of the axis A), all other bisectors bounding those Dirichlet polyhedra lie in sufficiently small "cone neighborhoods" C+ and C_ of the arcs (infinite rays) IR+ and R_ of the real circle Rx{0}cCxR = Â ctually, we may assume that the Heisenberg spheres at infinity of the bisectors β and ®' have radii l and r 0 >l, correspondingly. Then, for a sufficiently small ε, 0 < ε « r 0 -l, the cone neighborhoods C+, C_ c H£\{oo} = C x R x [0,4-oo) are correspondingly the cones of the ε-neighborhoods of the points (l, 0,0), (-1,0,0) e C x R x [0, + oo) with respect to the Cygan metric Q C in H^\{oo}. Here the Cygan metric ρ, is induced by the following norm (see [Cy] , [Pr] ) in the half-space model C x R x [0, oo) of H^\{oo}: Now we are ready to define a quasieonformal bending deformation of the group G along the geodesic A, which defines a bending deformation of the complex surface M = He/G along the given closed geodesic α c S c M.
We specify numbers η and ζ such that 0 < C < π/2, Ο^η <π-2 ζ and the intersection C+n(Cx{0}) is contained in the angle {zeC : |argz| ^ ζ}. Then we define a bending homeomorphism φ = by the angle η : For negative η, 2ζ -π<η<0, we set φ η , ζ (ζ) = φ_^ζ(ζ). Clearly, φ η ζ is quasieonformal with respect to the Cygan norm (4.1) and is an isometry in the ζ-cone neighborhood of the real axis R because its linear distortion is given by
Foliating the punctured Heisenberg group J^\{0} by Heisenberg spheres 5(0, r) of radii r > 0, we can extend this bending homeomorphism to the whole sphere S 3 = Jtf* at infinity. Namely, let W+, W_ c jf be "dihedral angles" with the common vertical axis {0} χ R, which are foliated by arcs of real circles connecting points (0, t;) and (0, -v) on the vertical axis and intersecting the C-cone neighborhoods of infinite rays R + , R_ c C, correspondingly. For each Heisenberg sphere 5(0, r), there is a unique projective ("conformal" with respect to the Cygan metric) transformation h r e P U (2, 1) that maps 5(0, r) to the horizontal sphere (C χ {0})u {00} such that:
(1) It maps the intersection points 5(0, r)n({0} χ Β?) to the origin and infinity.
(2) The chain 5(0,r)n(C x {0}) is pointwise fixed by h r . Since the transformations h r map chains in 5(0, r) (horizontal circles) to chains in the horizontal plane C x {0} (circles centered at the origin), it directly follows from our construction that the defined homeomorphism φ η ζ preserves the horizontal plane C x {0}, and its restriction to this plane coincides with the bending φ η^. In other words, the elementary bending φ^ζ bends the plane R x R e Jf along the vertical axis {0} x R, by a given angle η. Defining φ(οο) = oo and φ(0) = 0, we naturally extend this homeomorphism to the whole sphere jfr.
It follows from (4.3) that φ η^ is a G 0 -equivariant quasiconformal homeomorphism in jfr. Moreover, its restrictions to the "dihedral angles" W_ and W+ are correspondingly the identity and the unitary rotation U n ePU (2,l) by angle η about the vertical axis We can naturally extend the foliation of the punctured Heisenberg group 3? \{0} by Heisenberg spheres S(0, r) to a foliation of the hyperbolic space H^ by bisectors S r having those 5(0, r) s the spheres at infinity. It is well known (see [M 2] ) that each bisector <3 r contains a geodesic y r which connects points (0, -r 2 ) and (0, r 2 ) of the Heisenberg group J^ at infinity, and furthermore S r fibers over y r by complex geodesics Υ whose circles at infinity are complex circles foliating the sphere 5(0, r).
Using those foliations of the hyperbolic space Η£ and bisectors S r , we extend the elementary bending homeomorphism φ η^ : Jf -» Jf at infinity to an elementary bending homeomorphism Φ η ζ : H^ -> Η£· Namely, the map Φ η ζ preserves each of bisectors S r , each complex geodesic fiber Υ in such bisectors, and fixes the intersection points y of those complex geodesic fibers and the complex geodesic connecting the origin and oo of the Heisenberg group ^f at infinity. We complete our extension Φ η ζ by defining its restriction to a given (invariant) complex geodesic fiber Υ with the fixed point y e Y. This map is obtained by radiating the circle homeomorphism φ η , ζ \ ΡΥ to the whole (Poincare) hyperbolic 2-plane Υ along geodesic rays [y, oo) c F, so that i t preserves circles in Υ centered at y and bends (at y, by the angle η) the geodesic in Υ connecting the central points of the corresponding arcs of the complex circle dY 9 see Fig. 6 . Figure 6 Due to the construction, the elementary bending (quasiconformal) homeomorphism Φ η ζ commutes with elements of the cyclic loxodromic group G 0 c G. Another most important property of the homeomorphism Φ η ζ is the following.
Let D Z (G) be the Dirichlet fundamental polyhedron of the group G centered at a given point z on the axis A of the cyclic loxodromic group G 0 c G, and S + c Hl£ be a "half-space" disjoint from Z) Z (G) and bounded by a bisector ® c Η£ which is different from bisectors S r , r > 0, and contains a side s of the polyhedron D Z (G). Then there is an open neighborhood t/(® + ) er F ^ such that the restriction of the elementary bending homeomorphism Φ η ζ to it either is the identity or coincides with the unitary rotation U n c: PU(2,1) by the angle η about the "vertical" complex geodesic (containing the vertical axis {0} x [R c jf at infinity).
The above properties of quasiconformal homeomorphism Φ = Φ η ζ show that the image Ό η = Φ ηζ (θ ζ (Ο}} is a polyhedron in Η^ bounded by bisectors. Furthermore, there is a natural identification of its sides induced by Φ η ζ . Namely, the pairs of sides preserved by Φ are identified by the original generators of the group G 1 c G. For other sides & η of D n , which are images of corresponding sides $ c D Z (G) under the unitary rotation υ η , we define side pairings by using the group G decomposition (see Fig. 1-4) .
Actually, if G = G i * Go G 2 , we change the original side pairings g e G 2 of Z) z (G ! )-sides to the hyperbolic isometries U n gU~lePU(2,\}. In the case of HNN-extension, G = G! * Go = (G l9 g 2 y 9 we change the original side pairing g 2 € G of Z) z (G)-sides to the hyperbolic isometry U n g 2 e P U (2,1) . In other words, we define deformed groups 6L c P U(2,1) correspondingly s (4.5) or
We see from (4.5) that the family of representations G -» G^c P {7(2, l) does not depend on angles ζ and holomorphically depends on the angle parameter η. Let us also observe that, for small enough angles η, the behavior of neighboring polyhedra g'(D n \ g'eG n bounded by bisectors, around edges of the polyhedron D n , is the same s of those g(D z (G)\ ge G, around edges of the Dirichlet fundamental polyhedron D Z (G) . This is beeause the new polyhedron ΰ η c H£ has isometrically the same (tesselations of) neighborhoods of its edges (= intersections of its sides) s D Z (G) had. This implies that the polyhedra g'(D n ), g'e G n , form a tesselation of H£ (with non-overlapping interiors). Hence the deformed group G^c P£7(2,1) is a discrete group, and D n is its fundamental polyhedron bounded by bisectors. We remark that the discreteness of deformed groups G n nearby the group G can be also obtained along the D. Sullivan's stability arguments beeause our groups G are convex co-compact, that is geometrically finite groups without parabolic elements, see [S] , [A5] , [A8] .
Using G-compatibility of the restriction of the elementary bending homeomorphism Φ = Φ η^ to the closure D Z (G) a Η£, we equivariantly extend it from the polyhedron D Z (G) to the whole space H^vQ(G) accordingly to the G-action. In fact, in terms of the natural isomorphism χ: G -» G n which is identical on the_subgroup G 1 c G, we can write the obtained G-equivariant homeomorphism F= Ρ η : H^\A(G) -» Η^\Λ(Ο η ) in the following form:
Fog(x) = goF(x) for x€ Due to quasiconformality of Φ η , the extended G-equivariant homeomorphism Ρ η is quasiconformal. Furthermore, its extension by continuity to the limit (real) circle Λ (G) coincides with the canonical equivariant homeomorphism f x : A(G) -> A(G n ) given by the isomorphism Theorem 2.1. Hence we have a G-equivariant quasiconformal self-homeomorphism of the whole space Hj, which we denote s before by Γ η .
We claim that the family {Γ η *} of representations Proof. First, we observe that our construction works not only in the case of complex surfaces M with totally real geodesic surface but s well s in the case of a homotopy equivalent surface which has a totally real geodesic piece bounded by closed geodesics. In such a case, the holonomy group of that piece is a non-elementary discrete subgroup in PU(2, 1) preserving a totally real geodesic plane H^ c Η£. Then we see from (4.5) that bendings along disjoint closed geodesics are independent. In addition to the above construction, we have also to show that our bending deformation is not trivial, and
The non-triviality of a bending deformation follows directly from (4.5), cf. [A 5]. Namely, the restrictions ρ η \ 0ί of bending representations to a non-elementary subgroup G! G G (in general, to a "real" subgroup G r <= G corresponding to a totally real geodesic piece in the homotopy equivalent surface S ~ M) are identical. So if the deformation £ were trivial then it would be conjugation of the group G by projective transformations that commute with the non-trivial real subgroup G r c G and pointwise fix the totally real geodesic plane HR. This contradicts to the fact that the limit set of any deformed group G n , η φ 0, does not belong to the real circle containing the Cantor limit set A(G r ).
The injectivity of the map $ can be obtained by using Elie Cartan [Ca] angular invariant A(x) for a triple χ = (χ 0 ,* 1 ,* 2 ) of points in 3Η£. It satisfies the properties (see [04] ):
(1) -π/2^Α(χ)^π/2. Namely, let g 2 eG\G i be a generator of the group G in (4.5) whose fixed point x 2 e Λ (G) lies in R+ x {0} c Jf, and x 2 e Λ (G^) the corresponding fixed point of the element X n (g 2 ) e G^ under the free-product isomorphism χ η : G -» G n . Due to our construction, one can see that the orbit y(x 2 ), y e G 0 , under the loxodromic (dilation) subgroup G 0 c G n Gâ pproximates the origin along a ray (0, oo) which has a non-zero angle η with the ray (R_ χ {0} c= $e. The latter ray also contains an orbit y(x l ), γ e G 0 , of a limit point .x 1 of G! which approximates the origin from the other side. Taking triples χ = O^O, ;c 2 ) and = (χ^Ο,Λ:
2 ) of points which lie correspondingly in the limit sets A(G) and Λ(Ο η ), we have that A(x) = 0 and A(^) Φ Ο, ± π/2. Due to Theorem 2.1, both limit sets are topological circles which however cannot be equivalent under a hyperbolic isometry because of different Cartan invariants (and hence, again, our deformation is not trivial). One can apply the above proof to a general Situation of bending deformations of a complex hyperbolic surface M= H^/G whose holonomy group Gc P[7(2,1) has a nonelementary subgroup G r preserving a totally real geodesic plane H^ (where some convex subdomain is precisely G r -invariant in G). In other words, such a complex surface M has an embedded totally real geodesic surface with geodesic boundary. In particular all complex surfaces constructed in [GKL] with a given Toledo invariant lie in this class. So we immediately have: is a real analytic embedding provided that the limit set Λ (G} of the holonomy group G does not belong to the G-orbit ofthe real circle S^ and the chain S£ 9 where the latter is the infinity of the complex geodesic containing a lift ά c H^ of the closed geodesic a, and the former one contains the limit set of the holonomy group G r c G of the geodesic surface S r . G Remark 4.11. It follows from the above construction of the bending homeomorphism JF ζ , that the deformed complex hyperbolic surface Μ η = H^/G^ fibers over the pleated hyperbolic surface 5 η = Ρ η (Η£)/θ η (with the closed geodesic α s the singular locus). The fibers of this fibration are "singular real planes" obtained from totally real geodesic 2-planes by bending them by angle η along complete real geodesics. These (singular) real geodesics are the intersections of the complex geodesic connecting the axis A of the cyclic group G 0 c G and the totally real geodesic planes that represent fibers of the original fibration in M= H/G.
